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Key concepts:

o (ibbs sampling;

e Metropolis-Hastings algorithm.

13.1 Gibbs sampling
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BEEE B 7 (1, e, ..., Tq)it8 R B FAF (positivity condition), BPde R3FF A 1, ...

MG Ty, (0) >0, A

7 (21,29, ..., xq) >0

WL, ARAXTIA (21,0 20) € supp(m), BT (21, ..., 2a) > 0,

d
H TX;|1X_; ([Ej|$1, ey Lj—1y Zj41y -en

7 (21,29, ..., Tq) X
j=1

Proof: HIZFBEZ ) E X
T (21, T, ..y Ta) = Tx, x_, (Ta|X1, ooy Xgo1) T (21, T2,

X ze, FFEA

7TXj|X_j (Zj‘ili'l, ey Lj—1y Zj41y -en

...,:l:d,l)

T (X1, To, .o Tao1, 2d) = Txyx_y (ZalT1, s Tao1) T (T1, Ta, ooy Tgo1) -

13-1

y Ld s



Lecture 13: Markov Chain Monte Carlo

TX4|X_g ($d|371, ey 93d—1)

7T($1,I2, “'7xd> = 7T<$1’x2’ ""xd_l’zd) TX 41X (Zd|IE1 T4 1)
Xy sy g

TX|X_1 ($1|22, ey Zd) TX4|1X_g (Id|$1, ~~75Ed—1>
:’/T(Zl,...,Zd)

7TX1|X,1 (21’2’2, vy Zd) WXd\X,d (Zd’.l’l, ...,:L‘dfl)

IEE A ORIIE 1 FA TR SRR 2 KT/

Proposition 13.2 Systematic scan Gibbs sampler 89 R L5 A 7.

13-2

Proof: FiEMd = 20915, d > 23k, EEm &Systematic scan Gibbs sampler [AZE 7

ﬁ’ EDEE:
Hrp
A4

/ 7 (279) P (20, 20) do®) = 1 (20)
S

P (x(t_l)ax(t)> = 7TX1|X—1 (zgt)

zét—l)) T XalX g (Iét)

4)

—

T (aj(t—l)) j2) (x(t—l)’ x(t)) Az

= /ﬂ' (x(tfl)) XX 1 (:L’gt) :cét_l)) T X X o (xg)
= /7TX2 <:L'gt_1)> XX (xgt) xét_1)> CTXH|X o (xgt)
= /7r (argt),a:(t_l)> CTX|X s <1:g)‘ asgt)> d:z:g_l)

o, () s (1)

(a0, af)).

x@) dmg_l)

13.2 Metropolis-Hastings & ;X

Proposition 13.3 MH k658 E R

P (2D 2®) = o (20] 26D ¢ (20| 2¢D) + (1 -

x&”) dazgt_l)dxét_l)

a (x(t_l))) 0,(t-1) (x(t))



Lecture 13: Markov Chain Monte Carlo 13-3

H P ooy A AR Dirach

a(z"V) = / a(z)zY) g (2 x(t_l)) dx.
S

Proof: X{F&AC S,
P (X(t) c A|X(t—1) — m(t—l))
=P (X(t) € A, accepted| XV = (t_l)) +P (X(t) €A, rejected| XD — x(t_l))
=P (X X® € A, accepted| X~V x(t_l))
+P (X(t € A]X(t D = g1, rejected) P ( rejected| X =1 = x(tfl))

/ / o (2a") g (a27Y) do da™) + / Sy-n (29) dz? - (1 —a (z179))
A
oe(m(t)|x 1)) (Z(t)|$(t71)) :IAE;(”)
T

P (XD e Al XD =z071) = / P (271 2 gz
A
Fir A
P (249 20) = o (@] 20D) ¢ (@] 20D) + (1 = a (V) Gyemn ()

Proposition 13.4 MHH AR X Tr £ 65, BP
7 (2D P (0, 2®) = 1 (&) P (2, 20

W MHE R0 T 5 A,

Proof:
- (x(tq)) g (x(t)|x(t71)) ( ‘x(t 1) )

=7 (x(f—l)) q (I(t)’ x(t—l)) min (1, m (w(t)) q ("E(til)‘ x(t)) >
T

(Y g (20 2D
= min (7 (¢7) ¢ («]207) 7 (1) ¢ (247V] 21))

(=
- (ZL’(t)) q (x(t—l)‘ 20 )mm ( Wixt 1 ) q((x(t)| x(tl)))

)
2®) ¢ (2ED]z0)

(
= 7 (29) ¢ (2D [20) o (2¢D]z®)



Lecture 13: Markov Chain Monte Carlo 13-4

T (Q;(tfl)) P (x(ltfl)7 x(t))
=T (x(t_l)) q (x(t)‘ x(t_l)) o (:v(t)| SB(t_l)) + (m(t_l)) (1 —a (m(t_l))) 5w(t—1) (m(t))

-~

:ﬂ-(gc(t))q( z(t=1) |;(;(t) )a( z(t=1) |z(t))

—_——
=0 if z(t) £ (t-1)

N

-~

(1=a(2))3, 0 (=)
— (2®) P (20, 2-D) |



